Abstract-This paper evaluates two alternatives to today's noise-limited single-transmitter broadcast television systems, either of which would improve spectrum efficiency. One alternative is to increase the transmit power of each broadcaster's only transmitter. The other alternative is to replace that single transmitter with a multi-transmitter single frequency network (SFN). For both approaches, this paper calculates the relationship between the maximum achievable spectrum efficiency and the cost required to achieve that efficiency as a function of the most important design parameters. Results suggest that increasing power of traditional single-transmitter broadcasters could reduce the amount of spectrum needed for TV by roughly 30%, and would be cost-effective today through much of the U.S. A switch to SFNs could reduce the amount of spectrum needed for TV by roughly 60%, but at a higher cost. Results suggest that the SFN approach could be cost-effective in the most densely populated regions where spectrum is most valuable.
I. INTRODUCTION
Spectrum policies have long minimized the cost of television transmission per area covered while ignoring the opportunity cost of the spectrum. They do that in two ways. They do that in part by choosing the single-transmitter broadcasting approach, in which elevated sites have to transmit in the range of tenths to hundreds of kW, and they do that in part by making sure distances between coverage areas are so large that the effect of interference is negligible.
One alternative to this is the use of low-power low-tower (LPLT) Single Frequency Networks (SFN), where multiple synchronous transmitters send the same signal over the same frequency channel, both at much lower heights and transmit power [1] [2] [3] . With SFNs, the building and operational costs are greater, but so is the potential spectrum efficiency. Also, either with SFNs or traditional broadcasting we could reduce the distance between coverage areas and tolerate the additional interference by increasing signal strength at the edge of coverage. However, increasing spectrum efficiency by tolerating additional interference would also increase the cost to broadcasters. Setting the distance between broadcasters such that interference is negligible might be the right strategy if the goal is to minimize broadcast stations' transmission costs, or if spectrum is considered to be so plentiful that its cost can be ignored. That may have been the world we lived in when regulatory bodies started granting TV licenses, but it is certainly not the world today [4] , which is in part why our work revisits this issue and examines the cost effectiveness of an interference-limited approach.
Lately, the use of SFNs has been actively discussed. In the U.S., a distributed transmission architecture switchover was proposed to enable a more efficient use of the television spectrum in the context of the 2010 U.S. National Broadband Plan [5, 6] . More recently, the use of SFNs has been required in the discussions of the candidate technologies for an upcoming new Advance Television System Committee (ATSC) 3.0 TV transmission standard [7, 8] . In Europe, the use of LPLT SFNs has being considered as a possible way to reclaim a significant amount of spectrum for broadband use in the discussion of the future of the UHF television band [3, 9, 10] .
In this paper, we examine the trade-offs between efficiency of spectrum use and the broadcast transmission cost required to achieve that efficiency in a suitable spectrum band that is only used for television. We do this with an analytical model that assumes a single television channel that is used by multiple identical broadcasters, each of which serves a fixed amount of area, and these areas are served through either a traditional single-transmitter approach or by a SFN. As this band is used only for television, we measure the efficiency of spectrum use as the fraction of total area that falls within a TV coverage area. In this model we assume Orthogonal Frequency Division Multiplexing (OFDM) technology and its typical parameters for fixed reception, but it is not tied to a specific broadcast television standard.
In terms of costs, we assume that a traditional television station is in place, and estimate the net present value (NPV) of both the cost of upgrading infrastructure, if any, and the change in long-term operating costs when using a cost-minimizing design for each broadcaster. With traditional TV, any change in cost comes from an increase in transmit power, and nearly all of this is the cost of increased energy consumption. For SFNs, a new infrastructure must be deployed and the design choice that most affects cost is the number of transmitters per area covered that each broadcaster operates.
The paper is organized as follows. Section II describes the most relevant literature related to spectrum efficiency with the use of SFNs. Section III develops a theoretical analytical model by obtaining the separation distance between two broadcasters' coverage areas. Section IV presents the main results of this paper and potential policy implications, while Section V focuses on concluding remarks.
II. RELATED WORK
Previous studies have proposed a more efficient use of the television spectrum by changing the transmission architecture [5, [11] [12] [13] . In 2009, the Cellular Telephone Industries Association (CTIA) and the Consumer Electronics Association (CEA) proposed to the US Federal Communications Commission (FCC) an ATSC 8VSB based switchover to SFNs [5] . The proposal suggested that with SFNs the spectral separation distances between TV spectrum licensees can be reduced, and this could free up spectrum by repacking them into a smaller portion of the existing television spectrum without significantly changing the coverage areas or capabilities of current TV broadcasters. However, neither cost nor benefits of such a switchover were quantified. In this work, we aim to quantify these co-channel separation distances when using SFNs, and the impact on spectrum efficiency and cost. Moreover, the ATSC 8VSB modulation may not be the best suited for SFN operation anyway [14] [15] [16] so this paper considers the use of OFDM-based transmission [8, [16] [17] [18] [19] .
Other studies have also considered the use of SFNs, but with industry structures that are different from what we have today in many parts of the world [11] [12] [13] . For example, today in the U.S. each broadcaster operates within its own spectrum block, and serves whatever area can be reached by its transmitter. Instead, all broadcast stations in a given region could operate through a single SFN provider with access to infrastructure and a block of spectrum much larger than 6 MHz, as considered in [11] . In [11] authors focus only on spectrum efficiency, and they conclude that today's U.S. television needs could be met with just 85 MHz when using a LTE eMBMS SFN, as opposed to the 300 MHz currently allocated in the US. In their results, much of the improvement comes from either trunking efficiencies of aggregating multiple variable-bit-rate TV streams, or from considering that total area between coverage areas is negligible compared to total area covered. In contrast, we consider the case where technology changes, but without a fundamental change in what a broadcaster does or in the industry structure. Specifically, we assume that each broadcast station will continue to operate its own frequency channel without significant change to its coverage area, and that most TV viewers will be served multiple competing broadcasters. In addition, rather than simply looking at potential gains in spectrum efficiency without consideration of cost, we analyze this trade-off.
In a similar way, the authors in [12, 13] build upon the work in [11] and look into the difference in spectrum consumption between typical urban and rural environments for an eMBMS-based SFN operation that comes from upgrading existing cellular operators' transmitter sites. They conclude that significant spectrum savings can be obtained in urban areas, where transmitter sites are plentiful, but they find only limited savings can be obtained in rural areas due to large ISDs between existing rural transmitters, which hurts eMBMS's achievable spectral efficiency (bps/Hz). In contrast, we allow infrastructure to vary freely with spectrum efficiency, and, as opposed to eMBMS case, we consider values for OFDM parameters that maximize spectral efficiency over fixed reception and large ISDs [20] .
On the other hand, Europe is also considering the possible use of SFNs. Studies led by the European Commission and the Electronic Communications Committee (ECC) of the European Conference of Postal and Telecommunications Administrations (CEPT) have recently discussed the future of the UHF band and the possibility of a progressive re-farming [3, 9, 10] . While defining the next generation terrestrial broadcasting, the ECC analyzes the cost and benefits of moving to what they call a converged platform that would permit mobile and terrestrial TV broadcast services to share a common infrastructure with much higher spectrum efficiency [3] . Although they expect that substantial spectrum could be freed through a SFN transition, the cost-benefit analysis in [3] concludes that the incremental benefits and costs are still uncertain: a new review is recommended within the next 3 to 5 years, alongside with further technical analysis on the feasibility and cost of cochannel SFNs with separation distances close to 0km. In this context, several stakeholders' reports were produced [21] [22] [23] [24] [25] [26] , however, there is no widely accepted estimates of the costs or the potential gains in spectrum efficiency so our paper aims to address some of these open issues.
III. MODEL DEVELOPMENT
In this section, we calculate the maximum spectrum efficiency that can be obtained when identical broadcast networks are deployed in a frequency channel, for both traditional broadcasters and SFNs. In general, spectrum efficiency is a function of both the size of the broadcasters' coverage areas and the separation distance between those areas. We define spectrum efficiency as the maximum achievable fraction of area covered over a region that is much larger than the coverage area of a single broadcaster.
For a meaningful comparison, we must define coverage area such that if a SFN broadcaster and traditional broadcaster have the same size coverage area, it is reasonable to view them as being equally effective at bringing television to their viewers. One challenge is that the spatial distribution of the received signal strength across coverage areas of SFNs and traditional broadcasters are very different, and we must define coverage in a way that if a SFN broadcaster and traditional broadcaster have the same size coverage area, it is reasonable to view them as being equally effective at bringing television to their viewers.
We define the required coverage area in terms of coverage probability, which is a function of the Signal-to-Interferenceplus-Noise Ratio (SINR) for a receiver at a particular location. In SFNs, the total received signal is the power-sum of multiple OFDM useful and interfering components. Hence, we calculate coverage probability through an approximation of the SINR distribution in a general setting that considers multiple possibly correlated useful and interfering signals.
In this section, we develop analytical expressions for separation distances between broadcasters' coverage areas for a given network design of each type, such that spectrum efficiency can be calculated. For traditional broadcasters, we obtain minimum separation distance, for a given transmit power and required coverage area. For SFNs, we do this as a function of ISD.
A. Definition of Coverage
For traditional broadcasting, we would typically say that any point is within the coverage area if coverage probability q for the broadcaster's signal exceeds some fixed threshold q thr . This means that coverage probability will be close to 100% near the transmitter, and will gradually decrease with distance from the transmitter until the threshold is reached at the edge of coverage. However, if we adopt the same definition with an SFN, and then design the least expensive SFN that can provide a coverage probability greater than q thr in all points that are covered by the traditional broadcaster, the resulting SFN's coverage would be far worse than that for the traditional broadcaster. In this SFN, a large portion of the coverage area would have a coverage probability close to q thr , including points near the center; whereas for the traditional broadcaster, this would only occur near the edge. Thus, to make our definition of coverage more appropriate for both SFNs and traditional broadcasters, we use two different coverage probability thresholds: a lower threshold q thr near the edge of coverage, and a higher threshold q thr further inside. Any point with coverage probability greater than the higher threshold q thr is considered covered. If the set of points with coverage probability greater than q thr form a contiguous area, as we would expect in a SFN that is designed to have a large contiguous high-quality coverage area, then the contiguous set of points surrounding this area with q thr < q < q thr are also considered to be within the coverage area.
For traditional broadcasters, the reference antenna currently used for coverage calculations (e.g. by ITU, FCC, others) is a directional antenna with a predefined radiation pattern [27, 28] . In this work, we maintain this antenna definition for the case of traditional broadcasting, but for the case of SFNs, our reference antenna is omni-directional. An important feature of our scenario is that we consider that every broadcaster has its own frequency channel and multiple transmitters, and the location of each broadcaster's transmitters may have different throughout the coverage area, i.e. they might not be co-located. Hence, it may be impractical for many viewers to point an antenna in a direction that is near optimal for all channels.
With omni-directional antennas, viewers greatly benefit from signal diversity, while avoiding any need of precisely pointing and/or reorienting antennas based on the location and/or the frequency of transmitters of different TV stations.
B. Coverage Probability Calculation
Considering a spectrum band only used for television, the coverage probability q at any given point can be expressed as
where Pr{A} is the probability of event A, S j and U k represent the received power from the jth wanted transmitter and the kth interferer respectively, and therefore S = w(τ j )S j and
S j are the total received wanted TV signal and the total unwanted signal (co-or adjacentchannel) respectively, and N 0 is the noise input power of the receiver, all of which are in the linear domain. The function w(τ j ) is the equalizer weighting function of the OFDM receiver, and represents the constructive portion of the jth signal with relative delay τ j . For traditional broadcasting, J = 1 and w(τ 1 ) = 1. For SFNs, we assume that w(τ j ) = 1, which is reasonable as long as there exists a guard interval (GI) duration T g such that w(τ j ) ≈ 1 across the entire coverage area [20] . This occurs when the fraction GI over the total OFDM symbol length is small, and ISD is much smaller compared to the distance that a signal can travel during one GI [29] . For example, for T g = 260μs which is equivalent to approximately a 1/16 fraction of a 32K FFT symbol period in a 6MHz channel [20] , would meet these requirements for a bandwidth B ≤ 8MHz and a ISD 80km. This includes the range of parameters considered in this work.
To evaluate q = Pr {γ > γ min }, the probability distribution of the SINR γ needs to be derived. For this, we assume that S j and U k are modeled as possibly correlated signals coming from multiple transmitters simultaneously, but with different path losses and possibly different antenna gains. Specifically,
with parameters μ Ωi and standard deviation σ Ωi (both in dB scale), i.e. each has a probability density function (PDF)
where
is the median received power from the ith transmitter, P i and h i are transmit power and transmit antenna height respectively, the function L(d i ; h i ) represents the median path loss which is a function of the distance d i between transmitter and receiver, and g(α i )
is the gain of the receive antenna. Finally, the parameter ξ = 10/ln(10) acts as a normalization factor. We assume a constant cross-correlation model [30, 31] ; thus, the cross-correlations in the decibel scale between all wanted-to-wanted, interfering-tointerfering and wanted-to-interfering components are identical with correlation coefficient ρ [30, 32] and all signals share the same standard deviation σ Ωi = σ [20] .
To obtain the probability distribution of S and U , we make the common assumption that the sum of log-normal RVs is well approximated by another log-normal RV, as exact closed-form expressions for the log-normal sum distribution do not exist to date [33] . Then, we follow the SchwartzYeh (SY) method [34] to recursively obtain, in pairs, the parameters {μ S , σ S } and {μ U , σ U } of the resulting log-normal sum distributions of S and U . Therefore given two lognormal RVs Ω 1 and Ω 2 with correlation coefficient ρ Ω1Ω2 , the distribution of Z = Ω 2 + Ω 1 is log-normal with parameters given by
where Y = Ω 2 − Ω 1 , and where
are functions obtained by a numerical polynomial approximations [34] . It is known that the accuracy of the SY approximation tends to degrade as the number of summands increases; the number of transmitters in a SFN can be very large, specially if low power transmitters are in use. To palliate this, we use exact closed-form expressions for G 1 (·), G 2 (·) and G 3 (·) from [35] . These expressions are based on the erfcx (·) function and prevent numerical instability and successive error accumulation in (3). On the other hand, the accuracy of the SY approximation may also worsen when the summands have different μ Ωi and σ Ωi values, or when σ is large [33, 34] . However, we can confirm that the SY approximation is sufficiently accurate for this problem. This is mainly because in fixed television reception, the assumed value of σ is small (5.5dB) [20] and the target outage levels are around (1 − q thr ) ≥ 5%, far from where the SY method starts to degrade [33] .
To evaluate (1), we follow the reformulation in [36] that avoids the summation of a log-normal RV with a truly deterministic variable: it rewrites (1) as
where erfc( ) is the Gaussian complementary error function, and where A, B are log-normal RVs. Here, A is the ratio between the deterministic value γ min N 0 and log-normal RV S, whereas B is the ratio between log-normal RVs γ min U and S. In order to obtain the parameters μ X and σ X that define the distribution of the resulting log-normal RV X = A + B, we apply the SY method for the sum of two correlated log-normal random variables A and B, which are defined by
Note that the difference with respect to [36] , which assumes uncorrelated signals, is in the expressions for ρ AB and σ B given ρ SU > 0. To find this value, we follow the method in [32] , where ρ SU is estimated through
where v is given by
and where vectors μ S = [μ S1 , . . . , μ S J ] and μ U = [μ U1 , . . . , μ U K ] contain the median received signal from each jth and kth transmitter.
C. Spectrum Efficiency Calculation
To obtain the maximum achievable efficiency of spectrum use, which is a function of both the size of the broadcasters' coverage area and the distance separating them, we pack broadcasters in a regular hexagonal tessellation to achieve the highest average density of broadcasters on a per area basis. See Fig. 1 and Fig. 2 . We consider a statistical path loss model (instead of a terrain-aware model), thus median path loss depends only on the distance from each transmitter.
For a traditional broadcaster, we make the approximation that its interference-limited coverage area is sufficiently well represented by a circle centered at the transmitter, with radius R trad equal to the distance between the transmitter and the nearest point on the edge of the coverage area. At least for the range of numerical values considered in this paper, we observe little difference between the distance to the nearest point at the edge of coverage and the distance to the furthest point. Under this assumption, we define C trad as the minimum distance between coverage areas of two traditional broadcasters.
For the case of an SFN, as further discussed in III-D, we arrange transmitters in a regular hexagonal tiling that forms a reference hexagonal network [26, 37] and we make the approximation that a coverage area can be reasonably represented by a regular hexagon of side R SFN , while considering a constant separation distance C SFN between two SFNs coverage areas. As discussed further in III-D, because the edge of coverage is not a perfect line, the distance between two coverage areas is not exactly the same at all points. Thus, we calculate a value for separation distance that is roughly the average. For the range of numerical values used in this paper, we observe that this is a valid approximation.
From the above, we estimate the maximum fraction of area that can be covered by traditional broadcasters or SFNs divided by the area of their respective hexagonal tile in the lattice, which is given by
D. Calculation of Service Area Separation Distances
As spectrum efficiency is defined as a function of the separation distance between coverage areas, we develop analytical expressions for their calculation. We divide the analysis in two pieces: traditional broadcasters and SFNs.
1) Traditional Broadcasting:
By definition, coverage probability needs to be equal to the minimum threshold q thr for a point located at the edge of coverage. To obtain C trad , we consider only the three closest interferers, as farther signals are at much lower levels to be considered relevant. Following Fig. 1 , we calculate C trad along the line between the desired transmitter and its closest interferer, which corresponds to the minimum distance between two points in opposing coverage areas. In such a case, the receiver is located at a distance R trad from the desired transmitter, and at distances
1/2 from the closest and the two second closest interferers respectively, which are oriented at 0
• and ±60
• from the desired transmitter. From (1), we express q as an explicit function of γ min and log-normal parameters μ S and μ U . Hence, the relationship between transmit power P and the separation distance between coverage areas C trad can be formulated as
and
where g 0 is the maximum gain of the directional reference antenna, and the value ψ is its front-to-back (FB) ratio. We parameterize transmit power as P = P 0 + ΔP , where P 0 is the transmit power required for a coverage area of size R trad in the noise-limited case, so ΔP > 0 is the interference margin that will allow obtaining smaller separation distances by allowing additional co-channel interference at the edge of coverage. Thus, to understand how C trad scales with ΔP for any given R trad .
2) Single Frequency Networks: For SFNs, we assume they are deployed in a hexagonal lattice configuration, where transmitters are placed at a constant inter-site distance d ISD , forming an hexagonal reference network of N tiers surrounding a central transmitter site. We assume all transmitters to be identical, i.e. same antenna height h and same transmit power P , and their antennas are assumed omni-directional in azimuth.
To obtain the minimum separation distance between two SFNs coverage areas, C SFN , we place two hexagonal SFNs facing each other as shown in Fig. 3 . Given our definition of
coverage stated in III-A, we have two thresholds q thr > q thr , which means a contiguous coverage area is formed by an inner region where coverage prob q ≥ q thr that is surrounded by an outer region where coverage probability is between q thr and q thr . If we decrease the distance between the infrastructure for two SFNs, D SFN , then the coverage beyond the last tier of transmitters will shrink due to interference from the opposite SFN but it will also reduce C SFN . The coverage beyond the last tier of transmitters is represented by c 1 and c 2 , which are measured along x = 0 and x = d ISD /2, where the origin of coordinates x and y is defined at the position of the transmitter located at the midpoint of the SFN's hexagonal side over the last tier (see Fig. 3 • We obtain the minimum D SFN by setting the coverage probability value of the location where the hole in coverage occurs, which we define as q min , at the value equal to the minimum threshold q thr .
• To find the location of the coverage hole, we use well known constrained gradient-based numerical methods since the coverage probability surface is continuous and well-behaved: we minimize q over the triangular region formed by the two closest transmitters beneath the transmitter located at x = 0 and y = 0. For the parameter values considered in this paper, we find that regardless of D SFN , the local minimum where q min occurs is located approximately at (x, y) = (−r ISD , 0) (r ISD = d ISD / √ 3), which is the equidistant point between the three transmitters.
• As D SFN = C SFN + c 1 + c 2 , we then solve for c 1 (12) where
for j = 1, . . . , J and k = 1, . . . , K where g 0 is the gain of the omni-directional reference antenna, and where
are distances between the receiver and each SFN transmitters. The vector containing these distances, d(x, y), can be summarized in (11) as a function of r ISD and N . In a similar way, the expression for c 1 is
[dB]
for j = 1, . . . , J and k = 1, . . . , K and similarly, c 2 can be expressed as
for j = 1, . . . , J and k = 1, . . . , K With this, the size of a SFN coverage area can be approximated by
for a total number of transmitter sites N SFN = 1 + 6 N i i. Note that although neither (12)- (14) are explicit equations in their variable of interest, we can nevertheless evaluate these expressions by using common root-finding algorithms, taking advantage they all represent monotonic relationships (q min over D SFN and C SFN over D SFN ). On the other hand, to obtain a continuous relationship between C SFN for a given value of R SFN , we interpolate the results obtained for C SFN as a function of ISD for different values of N . This, as R SFN will not likely coincide with an integer multiple of d ISD .
E. Cost Calculations
In III-D, we obtain for traditional broadcasting the transmit power level P = P 0 + ΔP for a given coverage area size. Hence, in terms of the cost per one traditional broadcaster, we consider a transmitter operating 24 hours, 365 days per year, consuming a power of P/η TX watts at a cost of c kw−h dollars per kW per hour, where η TX is the power amplifier efficiency of the transmitter. For the case of SFNs, in III-D we obtain the approximate number of transmitters N SFN for a given service area size given by R SFN , so we simply use an estimate of the NPV of the cost of building and operating one SFN transmitter, NPV site . In this estimate we consider only the costs associated with equipment and its installation, and operation and maintenance of each site (energy included), but not other costs in the programming distribution chain.
Summarizing, the NPV of the cost per broadcaster, for both traditional and SFN, is given by
NPV SFN = N SFN · NPV site (17) where i is the annual discount rate, and N per is the evaluation period in years.
IV. MODEL APPLICATION A. Numerical Assumptions
In our assumptions we use the link budget parameters for coverage calculations in current U.S. television spectrum policy [27] . We consider a carrier frequency of 615MHz, as it is representative of the UHF band, which is part of the frequency bands already targeted to be reallocated to mobile broadband use in the future. As recommended in [27] , we assume noise no other than thermal; N 0 = kT B + NF, where kT is the background noise spectral density of the receiver, B is the equivalent noise bandwidth of the receiver, and NF corresponds to the receiver's noise figure (in general, our results are independent of B unless stated otherwise). We assume a probability threshold q thr = 50% for the edge of coverage. Inside SFNs, we consider q thr = 95% which represents a threshold for high-quality coverage [20, 29] . For traditional broadcasting, we consider an antenna height of 300m which is typical for a TV tower in Europe [20] , and it represents the median height for a TV tower in the U.S. [38] . For SFNs, we consider an antenna height of 30m which is the typical height of a cellular transmitter [3, 30] , whereas for transmit power, we have considered a range from 43dBm to 52dBm over 6MHz, which is in line with both typical values reported for LPLT SFNs [26, 39] and with likely non-ionizing radiation limits [3] . A summary can be found in Table I .
For the directional reference antenna, we consider the ITU-R BT.419-3 recommendation [28] , while for the omnidirectional reference antenna, we consider a g 0 = 5dBi gain as for a 1.25λ dipole antenna. For the path loss function L( ), we use the ITU-R P.1546-5 propagation model [40] considering 90% and 10% time availability for wanted signal and interference respectively [27] , regardless of transmission architecture.
For log-normal shadowing, we assume σ = 5.5dB [40] . In terms of correlation, we follow 3GPP considering a constant value of ρ = 0.5 [30] . This recommendation can be readily applied to the case of SFNs due to its similarity with cellular networks. For the case of traditional broadcasting, we have found negligible numerical differences between considering either ρ = 0.5, or considering ρ = 0 as typically assumed. In our case, given that our coverage definition considers q thr = 50%, the potential effect of ρ is canceled out; for higher values of q thr we might found that the ρ = 0 assumption is quite pessimistic, leading to larger separation distances. In terms of cost, for traditional broadcasting we assume η TX = 20%, as the approximate power consumption for a state-of-the-art DVB-T transmitter of the year 2010 [11] which we assume representative of what can be found in the field today. We assume c kW-h = $0.12, which is close to the average energy cost for commercial/industry use in the U.S. [41] . Also, we consider N per = 20 years and i = 7%, which is the recommended real interest rate of the U.S. Office of Management and Budget for cost-effectiveness analysis purposes [42] . Hence, we obtain $5,250 per kW transmitted over the air per year, equivalent to a cost of $55,000 per kW in present value over the evaluation period.
On the other hand, for SFNs we assume NPV site = $650, 000, which is in line with values reported in [43] when considering i = 7% and N per = 20 years; we have assumed that the potential cost of building and operating one SFN site is similar to those of sites in cellular networks [3] .
B. Numerical Results
In this section, we first present the spectrum efficiency results for each transmission alternative, before use them to analyze the cost-effectiveness of each strategy.
1) Spectrum Efficiency in Traditional Broadcasting:
For traditional broadcasting, Fig. 4 shows C trad as a function of the interference margin ΔP , with the required service area radius R trad as a parameter. For any service area size, increasing transmit power always reduces separation distance between coverage areas, but this exhibits diminishing returns. Separation distances are much higher when interference margin is below 1dB (tolerable interference around 6dB below noise level or less), which is approximately the current state in U.S. policy [27] . When tolerable interference is set at or above noise level, i.e. ΔP ≥ 3dB, as in G06 [37] , achievable separation distances are quite smaller. Diminishing returns occur at roughly the same point as measured in dB, although an increase of 1dB is much more costly if P is high, i.e. if coverage area is large, than if P is low. For subsequent results, we assume ΔP = 1dB as the baseline spectrum efficiency of a traditional broadcaster. Fig. 4 shows that larger coverage areas require larger separation distances. However, as spectrum efficiency increases with coverage area and decreases with separation distance, we cannot if spectrum efficiency increases or decreases. Fig. 5 shows how power affects spectrum efficiency. Within this range, the larger the coverage area, the lower the spectrum efficiency, with all other parameters held constant. This suggests that it would be more efficient in terms of spectrum to provide TV service to a given area by using more smaller individual coverage areas rather than fewer larger ones, at least in a band consisting of TV broadcasters of similar size. In the U.S., current spectrum policy tends to favor large coverage areas over small ones. Fig. 6 shows the relationship between C SFN and ISD. As expected, SFN separation distances are smaller by approximately one order of magnitude compared to traditional broadcasters. Much like increasing transmit power for a traditional broadcaster as shown in Fig. 5 , increasing cost by reducing d ISD in an SFN allows a broadcaster to tolerate more interference and thus reduce separation distances between coverage areas. Moreover, asymptotic performance is the same regardless of transmit power.
2) Spectrum Efficiency in SFNs:
We also observe that, due to loss in macro diversity, higher correlation leads to a smaller ISD near the noise-limited regime as compared to when signals are uncorrelated, which is a simplifying and somewhat optimistic assumption. However, in the interference-limited regime, correlation slightly improves C SFN but does not significantly change the relationship between ISD and separation distance. These observations are consistent with results in [2] .
A TV viewer using our reference antenna within coverage areas of multiple broadcasters will receive all of their signals, because our definition is based on an omni-directional receive antenna. This is reasonable because in the U.S. TV broadcasters choose where to locate and how much to cover. However, European TV spectrum policy is different and it dictates bordering area-based licenses (which also leads to a very different industry structure). In this regard, recent discussions have addressed the feasibility and cost of obtaining separation distances close to 0km [3, 21] . To analyze this, we extend the calculations of c 1 and c 2 in (13) and (14) by using a directional antenna pointed in the best direction, which is roughly towards the closest transmitter. Results are shown in Fig. 7 . Using a directional antenna with a FB ratio of ψ = 14dB makes the asymptotic separation distance fall from about 8-10km in the omni-case to about 2-3km. For higher values of FB, a 0km separation distance is possible and without significantly reducing ISD.
3) Spectrum efficiency vs cost trade-off: In certain cases, low to moderate gains are desirable if the cost to achieve them is low, while in other cases, large gains in efficiency as those suggested by SFN performance, can be outweighed by its elevated cost. To analyze this, let's assume one wants to cover every location across a large area and that the coverage area per broadcaster is fixed. We consider a change in cost of transmission from an initial traditional broadcasting regime with spectrum efficiency η 1 , to a more efficient regime η 2 > η 1 due to either traditional broadcasting with increased transmit power or by switching to SFN transmission. Each channel that the network uses can cover a fraction η of the area. As long as coverage areas in different channels do not overlap, the amount of spectrum needed per broadcast channel delivered to every point in a region is roughly 1/η 1 . Hence, the average number of channels N ch that can be saved, by improving spectrum efficiency from η 1 to η 2 per channel of actual content delivered throughout the region is given by we normalize the transmission cost with respect to the cost of a traditional broadcaster with baseline transmit power (ΔP = 1dB), while for SFNs we normalize with respect to the cost of a close to noise-limited SFN. At least within the range of values we considered, for a given coverage area, an SFN has a greater spectrum efficiency than a traditional broadcaster, regardless of the ISD of the SFN or the transmit power of the traditional broadcaster. Nevertheless, increasing cost for a traditional broadcaster by a small percentage (by increasing transmit power) can significantly increase spectrum efficiency, whereas increasing cost for an SFN-based broadcaster (by decreasing ISD) produces a much smaller increase in spectrum efficiency. For example, consider a broadcaster with R trad = 100km. For an increase to 200% of the transmission cost, the absolute spectrum efficiency in traditional broadcasting increases from η 1 = 35% to η 2 = 46%, equivalent to 24% less spectrum used, whereas the same increase in cost for an SFN design would lead to an increase in spectrum efficiency from 85% to 92% (less than 8%). Fig. 8 also shows that spectrum efficiency decreases with coverage area size in traditional broadcasting. For example, with ΔP = 1dB, spectrum efficiency is 50% for a 60km coverage area radius and 35% for a 120km radius, so 60km broadcasters can bring a given number of channels to everyone with approximately 30% less spectrum (although four times as many broadcasters are needed). The spectrum efficiency advantage of smaller radius is even greater for larger transmit powers. In contrast, with SFNs, spectrum efficiency increases with coverage area. This is consistent with recent suggestions in spectrum policy discussions involving SFNs [3, 29] . At least in U.S. policy, the size of coverage areas is a widelydiscussed issue all by itself, and it has big implications with respect to issues unrelated to spectrum including localism, civic discourse, emergency alerts, local vs national advertising, and more.
We now determine whether and when the benefit of increasing spectrum efficiency is worth the cost. In (18) we show the number of channels that can be saved per channel of actual content delivered throughout the region. The increase in cost per area of delivering that content is ΔNPV = (NPV 2 − NPV 1 )/A TV where NPV i is the net present value of the per broadcaster cost of transmission in each regime η i . Thus, we approximate the cost per sq-km per broadcast channel that can be freed by
The benefit of increasing spectrum efficiency depends on the value of spectrum. If the value of a MHz-sq km is high enough, which often means if the population density is large enough, then the benefit will be worth the cost. To quantify when this will be the case, let us assume that value per MHz-POP is known, and that it is constant for all population densities. Hence, population density Π POP = C MHz-km 2 /C MHz-POP . Thus, we would like to know the population density Π POP at which either increasing transmit power in traditional broadcasting or switching to SFNs is worth the cost. For the value of C MHz-POP we look back at recent spectrum auctions in the U.S.; in the 700MHz auction in 2007 spectrum was sold for a national average of $1.28 per MHz-POP [44] , while the recent AWS-3 auction in 2014 yielded an average of $2.71 per MHz-POP [44] . In this work, we consider C MHz-POP to be between $1 and $3, with $2 per MHz-POP our baseline estimate. First, we analyze traditional broadcasting. In Fig. 9 , we show the minimum required population density Π POP at which the cost of increasing transmit power equals the value of spectrum freed as a function of the excess interference margin. We define the excess interference margin as the additional transmit power over ΔP = 1dB. Since a typical full-power broadcaster in the U.S. covers approximately 100km around the transmitter, we consider R trad being between 90km and 110km. Fig. 9 shows that the break-even population densities are quite low, e.g. for a 100km radius the break-even population density would be 30 POP/sq km if spectrum is worth $2 per MHz-POP, and 20 POP/sq km if spectrum is worth $3 per sq km. This is small compared to many large areas in the U.S. The population density of the contiguous U.S. is 40 POP/sq km. 29 of 50 states have a population density above 30 POP/sq km, and 36 states have a population density above 20 [45] . This suggests that this strategy can be quite costeffective in a large fraction of the country. Fig. 9 also shows that the larger the coverage area, the more costly it is to free spectrum this way. This translates to a higher required population density to break-even. Thus, the change from noise-limited to interference-limited coverage is even more cost-effective if coverage areas are smaller. Fig. 10 shows the minimum population density Π POP to break-even from a switchover to SFNs. We show in gray an uncertainty band on the coverage radius of the current traditional broadcasters, while the solid lines represent the results for $1, $2 and $3 per MHz-POP for R trad = 100km. If the smallest Π POP were greater than the population density of New York City, then a switch to SFNs would always be a bad idea, but this is not the case. For a conservative estimate of $2 in the value of the spectrum, the minimum Π POP is in the order of 100 POP/sq km. At $3 per MHz-POP, SFNs become cost-effective at a population density of just 67 POP/sq km. Our results show that this could be cost-effective in some parts of the U.S., but not in others. The U.S. East Coast corridor between Washington D.C. and Boston is a good example of a region that is likely to benefit from a transition to SFNs. It is a sufficiently large area and its average population density is at least 145 POP/sq km. We calculate this number from information available on a per state basis, which includes many rural areas. Thus, the actual population density along the coast is even higher. Finally, although Fig. 9 and Fig. 10 suggest that both SFNs and interference-limited single-transmitter systems could be more cost-effective than what we have today in the most densely populated parts of the U.S., we cannot tell from these results alone which strategy is preferred. Fig. 11 and Fig. 12 show the approximate fraction of a band of spectrum that can be freed as a function of the incremental cost per sq km covered per station, and as a function of the break-even population density (assuming $2 per MHz-POP), respectively. They show that if spectrum is worth more than the cost of deploying the least-expensive SFN (approximately $1800 per sq km covered for R trad = 100km), then it is always more cost-effective to invest in an SFN rather than boosting the power within a traditional broadcast architecture. As a result, if spectrum is worth $2 per MHz-POP, then regions with population density above 100 POP/sq km should adopt SFNs, regions with population density between 30 and 100 POP/sq km should use a traditional broadcast architecture but with increased transmit power, and regions with under 30 POP/sq km should maintain the current approach.
Unlike simply increasing transmit power of traditional broadcasters, switching to an SFN requires adoption of a new TV standard, such as ATSC 3.0 [8] . The results above do not include any costs incurred by consumers during such a transition, as would be appropriate if the new standard is to be adopted anyway. However, even if the change in standards occurs specifically to enable a transition to SFNs, this would produce only a modest change in our results. Every television that operates over-the-air (OTA) would require a converter. In general, the cost of converters per capita is the cost of a converter times number of TVs per capita times the fraction of TVs using OTA. In the U.S., there are roughly 1.1 TVs per capita, since the CEA estimates 2.9 TVs per household [46] and the U.S. Census indicates there are 2.63 people per household [45] . We will assume that roughly 13% of TVs receive OTA broadcasts, given that the National Association of Broadcasters (NAB) says it is 20% and the CEA says 7% [47] . It has been estimated that the cost of a converter will be around $100 [48] . Thus, the cost to TV viewers is roughly $14 per capita. In the U.S. today, 216MHz of UHF spectrum are used for television. This means that a switch to SFNs could free up roughly 130 MHz of spectrum (60% of 216 MHz) in the most densely populated parts of the country where broadcasters are most closely packed. Then, the cost of converters is just $0.11 per MHz-POP, which is small compared to the baseline $2 per MHz-POP at break-even population density.
V. CONCLUSIONS
In this paper, we analyze two technical strategies that increase spectrum reuse for broadcast television while keeping the coverage area size and bandwidth per TV broadcaster largely unchanged. One is to boost the transmit power in traditional single-transmitter broadcasting and the other is to switch to SFNs. For both strategies, we characterize the tradeoff between spectrum efficiency and cost per area covered. With both strategies, we consider the possibility that additional interference is tolerated at the edge of coverage, which greatly reduces the separation distance between coverage areas and thus increases the reuse of the spectrum.
We develop a theoretical analytical method to calculate spectrum efficiency as a function of transmit power in a traditional architecture or as a function of ISD in SFNs, which are the variables that most affect cost in each case. We find that increasing transmit power for a traditional single-transmitter architecture can free up roughly 30% of the spectrum used for television, assuming that the stations are packed together as closely as possible both before and after the transition. Switching to an SFN can free up over 60% of the spectrum used for television. In the most densely populated parts of the U.S. where broadcasters are most closely packed, SFNs could free up to roughly 130 MHz of UHF spectrum (60% of 216 MHz). This is also where spectrum is in greatest demand for other purposes such as broadband Internet access. It would be hard to find another change in spectrum usage that can come close to making that much prime spectrum in densely populated areas available for reallocation.
However, these increases in spectrum efficiency come at a cost that cannot be ignored. It is only worth adopting a new strategy for TV broadcasting if the value of the spectrum freed exceeds that cost. If spectrum is worth $2 per MHz-POP, then a region with 30 POP/sq km or more would benefit from a switch to an interference-limited approach in traditional broadcasting rather than the nearly noise-limited approach dictated by today's spectrum policy. Much of the U.S. has a population density above this threshold, so it is likely that much of the U.S. would benefit. This approach could be adopted in concert with the repacking that is expected to follow the incentive auction for TV spectrum in 2016, and would have no apparent impact on consumers.
Some of the U.S. could benefit even more from a switch to SFNs. Because SFNs free up considerably more spectrum per area but are also more expensive, SFNs make sense only where population density is even higher. If spectrum is valued at $2 per MHz-POP, then SFNs would be cost effective for population densities of roughly 100 POP/sq km or more over an area large enough to include multiple broadcast markets. Although this paper does not explicitly address the case where parts of the U.S. adopt SFNs and other parts do not, we note that there are large regions where the population density is well over this threshold, including a large portion of the East Coast, where the use of SFNs is likely to be cost-effective.
Of course, even where overall benefits exceed overall costs, there is a risk that some parties may suffer from a change in policy and technology. In particular, this approach shifts costs onto broadcasters. Policies are needed to shift benefits to broadcasters as well, although these policies are outside the scope of this paper which focuses only on estimating overall costs and benefits.
Finally, it is important to note that spectrum efficiency depends on broadcaster service areas. Under the current approach of single-transmitter systems that are noise-limited, broadcasters with smaller coverage areas use spectrum more efficiently. For example, 4n closely packed broadcasters with 60km radius would cover the same total area as n broadcasters with 120km radius, but those with the 60km radius could do so with roughly 30% less spectrum. The spectrum-efficiency advantages of smaller coverage area are even greater if transmit power is increased. Many spectrum policies give priority to broadcasters with large coverage areas, even though doing so implicitly favors less efficient use of spectrum. However, this is not the case if broadcasters switch to SFNs, because spectrum efficiency increases with coverage area for SFNs.
